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Abstract: Let GG be a graph with vertex set V' and edge set F. Let g be a labeling
from E to {4, —}. The edge labeling g induces a vertex labeling h : V — {+,—}
defined by h(v) =[] g(uv) for u in N(v), where N (v) is the set of vertices adjacent
to v. Let e(+) = card{e € E : ge) = +}, e(—) = card{e € E : g(e) = —} and
v(+) = card{v € V : h(v) = +}, v(—) = card{v € V : h(v) = —}. A labeling
g is said to be sign friendly if | e(+) — e(—) |< 1. The sign balanced index set
(SBIS) of a graph G is defined by {| v(+) — v(—) | : the edge labeling ¢ is sign
friendly}. In this paper we completely determine the sign balanced index sets of
some important family of graphs.
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1. Introduction

A graph labeling is an assignment of integers to the vertices or edges or both,
subject to certain conditions. Graph labelings were first introduced in the mid
1960’s. Graph labeling was used in many applications like coding theory, x-ray
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crystallography, circuit designs and communication network etc. For more details
one may refer [7], [3], [5], [6], [8], [2].

Recently Mukti Acharya [1] introduced a new labeling called C-Cordial labeling
in signed graphs and she studied C-Cordial labeling for path, cycle and star graph.
Now in this paper we extend the same concept to more generalized set called sign
balanced index set of some important family of graphs.

Let GG be a graph with vertex set V' and edge set E. Let g be a labeling from F
to {4+, —}. The edge labeling g induces a vertex labeling h : V' — {+, —} defined
by h(v) = [[g(uwv) for u in N(v), where N(v) is the set of vertices adjacent to
v. Let e(+) = card{e € E : ge) = +} and e(—) = card{e € E : g(e) = —}.
v(+) = card{v € V : h(v) = +} and v(—) = card{v € V : h(v) = —}. A labeling
g is said to be sign friendly if | e(+) — e(—) |< 1. The sign balanced index set
(SBIS) of a graph G is defined by {| v(+) —v(—) | : the edge labeling g is sign

friendly}.
For convenience, a vertex(edge) is called positive vertex if its label is ‘+’ and
negative vertex (edge), if its label is ‘—’. In this paper we completely determine

the sign balanced index sets of C,, x Ps, double triangular snake graph and pu(P,).
Before determining the sign balanced index sets, we prove some properties re-
garding the index numbers and v(—).

Theorem 1.1. If the number of vertices in a graph G is even then the sign balance
ndex set contains only even numbers.

Proof. Let G(V, E) be a graph with |V| = n, which is even. Now suppose that
v(—) > v(+) then by the definition of sign balanced index set we have

o(=) +o(+) =n
v(=)—v(+)=r

where r be the element of sign balanced index set. Now adding above equations
we get
20(—)=n+r.

Theorem 1.2. [f the number of vertices in a graph G is odd then the sign balanced
index set contains only odd numbers.

Theorem 1.3. In sign balanced labeling, v(—) is always even.

Proof. Let b, = [{v € V : number of negative edges incident on v is equal to i}|,
1 =1,2,3,...,n. Then we have by + 2by + 3b3 + - - - + nb, is equal to twice the
number of negative edges, which is even. Therefore b; 4+ 3bs + - -- + nb, is even
if n is odd and by + 3bs + --- + (n — 1)b,_1 is even if n is even. Which implies
by +bs+ -+ b, =v(—) is even if n is odd and by + b3 + - - -+ b,_; = v(—) is even
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if n is even.

2. Sign Balanced Index Set of C), x P;

\

i i,‘l Zl‘ yl
‘ 24
SC4 \‘ H

i

X

Z3 )

N=Y

3
W

06 X PQ
Figure 1

We consider the problem of finding SBI1S(C,, x P;) into four cases namely,

n = 0(mod 4) n = 1(mod 4)
n = 2(mod 4) n = 3(mod 4)

Theorem 2.1. If n = 0(mod 4), then SBIS(C,, x P;) ={0,4,8,...,3n}.
Proof. Let g be a sign friendly labelling on the graph C),, x P;. Since C,, x Pj
contains 3n = 3(4t) = 12t vertices and 5n = 5(4¢) = 20t edges, we must have
e(+) = e(—) = 10t. Denote the vertices as shown in the Figure 1.

Now label the edges Yai—2 Yai—1 for 1 S 1 S t, Yai Yai+1 for 1 S 1 S t— ]_, Yat Y1
by ‘—’, @43 x40 for 1 < i <1, @y 04541 for 1 <@ <t —1, w1 by “—7, 245-3 245-2
for 1 < i <t, 2424901 for 1 <0 <t —1, 24421 by ‘=", x9;_1y2—1 for 1 <4 < 2t
Yoi_1 22,1 for 1 <4 < 2t by ‘—’. Label the remaining edges by ‘+’. Then we get
lv(=) —v(+)] = 12¢.

Now by interchanging the labels of edges x4;_34;—2 and x45_9 241, for 1 <
Jj <t weget |[v(=) —v(+)| = 12t — 4j = 3n — 4j. Again by interchanging the
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labels of edges ysj—3Ysj—2 and ysj_oysj—1 for 1 < j <t we found |v(—) — v(+)| =
8t —4j = 2n — 4j. Finally interchanging the labels of z4;_3 242 and 249 2451
for 1 < j <t weget |[v(—) —v(+)| =4t — 4j. Thus {0,4,8,...,3n} are elements
of SBIS(C,, x P3).

Since v(—) is always even we have v(+) = 12t — v(—) is also even. Therefore
{2,6,10,...,3n — 2} are not elements of SBIS(C,, x P3).

Theorem 2.2. Ifn = 1(mod 4), then SBIS(C,, x P3) ={1,3,5,...,3n}.
Proof. We assume for ¢t > 2. Let g be an sign friendly labeling on the graph C), x Ps.
Since C), x Py contains 3n = 3(4t+1) = 12t+3 vertices and bn = 5(4t+1) = 20t+5
edges, we have two possibilities:
(i)e(+) =10t + 2 and e(—) = 10t + 3 or
(ii) e(+) = 10t + 3 and e(—) = 10t + 2.
Case 1: Denote the vertices as shown in Figure 1. Now label the edges xo; x9;11
for 1 <¢ <2t w3, 0231 for 1 <1 <t+1, 20023 for 1 <i<t+1and 244121
by ‘=", Also x;y1 y;r1 for 1 < i <4t yp 21, y3; 23; for 1 < i <t+1by ‘—’. Label the
remaining edges by ‘4+’. Then we obtain v(—) = 0 and v(+) = 12t + 3. Therefore
lv(—=) —v(+)] = 12t 4 3.

Now by interchanging the labels of edges 4;_324j—2 and z4; 92451, for 1 <
Jj <tweget |[v(=) —v(+)| = (12t + 3) — 4j. Again by interchanging the labels of
the edges ysj_2 y3j—1 and ys;_1 ys; for 1 < j <t we get |[v(—)—v(+)| = (8t +3)—47.
Now by interchanging the labels of the edges z3;_; t3; and z3; z3;41 for 1 < 5 <t
we get [v(—) —v(+)| = (4t + 3) — 4j. Therefore {3,7,10,...,3n} are elements of
SBIS(C,, x P3).

Case 2: Label the edges x1 o, Ty 71, 21 22, Zat41 21, Yary1 Y1 DY ‘=70 Toi_1 Y21
for 1 < q < 2t, yoiq0 2oip0 for 1 <@ <26 —1 yoiq yoigo for 1 < i <26 —1, yoi 1 t2in
for 1 <1 < 2t, wo;40yaiye for 1 < i < 2t — 1, by ‘=’ label the remaining edges

by ‘4. Now we found that v(+) = 1 and v(—) = 12t + 2. Thus |v(+) — v(—)| =
12t +1=3n—2.

Now by interchanging the labels of the edges w1 22; and x5 o, for 1 < 5 < 2¢,
we found |v(+)—v(—)| = 12¢t+1—45 = 4t+1. Again interchanging the labels of the
edges 2a; 22541 and 2941 Yaj41 for 1 < j <t we get |v(+) —v(—))| =4t+1—-4j = 1.
Therefore {1,5,9,...,3n — 2} are elements of SBIS(C,, X Pj).

Theorem 2.3. If n = 2(mod 4), then SBIS(C,, x P;) ={2,6,10,...,3n}.
Proof. Let g be an sign friendly labelling on the graph C,, x P;. Since C, x Pj
contains 3n = 3(4t + 2) = 12t + 6 vertices and 5n = 5(4t + 2) = 20t + 10 edges, we
must have e(+) = e(—) = 10t + 5.

Denote the vertices as shown in Figure 1. Now label the edges x9;_1 x9; for
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1<i<2t+1, y;y;01 for 1 <i <4t + 2 and y;2z; for 1 < i < 4t + 2 by ‘—’. Label
the remaining edges by ‘+’. Then we found that v(—) = 12t 4+ 6 and v(+) = 0.
Therefore |v(+) — v(—)| = 12t + 6 = 3n.

Now by interchanging the labels of the edges x3;_ x3;_1 and x3;_; x3; for 1 <
Jj <t+1, weget|v(+)—v(—)| = 12t4+6—4j = 3n—4j. Again by interchanging the
labels of edges yaj_1 22j—1 and zg9;_129; for 1 < j < 2t we get |[v(+) —v(—)| = 8 +
2—4y. Thus {2,6,10,...,3n} are elements of SBIS(C,, x P3). Since v(—) is always
even we have v(+) = (12t + 6) — v(—) is also even. Therefore {0,4,8,...,3n — 2}
are not elements of SBIS(C,, x Ps).

Theorem 2.4. If n = 3(mod 4), then SBIS(C,, x P;) ={1,3,5,...,3n}.

Proof. Let g be an sign friendly labelling on the graph C),, x P;. Since C, x Pj
contains 3n = 3(4t + 3) = 12t + 9 vertices and 5n = 5(4t + 3) = 20t + 15 edges, we
must have

(i)e(+) = 10t + 7 and e(—) = 10t + 8 or

(i)e(+) = 10t + 8 and e(—) = 10t + 7.

Case 1: Denote the vertices as shown in Figure 1. Now label the edges xo; x9;11
for 1 <o < 2t+1, yyy;1 for 1 < i < 4t + 2, ygasy1,x1y1 by =,y z; for 2 <
1 < 4t 4 3,z120 by ‘=’. Label the remaining edges by ‘+’. Then we found that
lv(=) —v(+)| =12t + 7.

Now by interchanging the labels of the edges x3;_ x3;_1 and x3;_; x3; for 1 <
J<2t—1, weget [(12t +7) — 4j| = 4t + 11 = n + 8. Again by interchanging the
labels ya;29; and zg; 29541 for 1 < j <t 42, we get |[v(—) —v(+)| = (4t + 11) — 47.
Thus 3,7,9,...,3n — 2 are elements of SBIS(C,, x P3).

Case 2: Label the edges x4 114 for 1 <@ <t wy; w4501 for 1 < i < ¢, 2440377,
Yai—1 Yai for 1 S ) S t sYai Yait1 for 1 S 1 S tby ‘-7, ZiZi1 for 1 S 1 S 4t+2, Z4t+3 21
Yarr3 Y1,y; 2 for 1 <@ < 4t + 3 by ‘—’, label the remaining edges by ‘4. Now we
found that v(—) =0 and v(4) = 12t + 9. Thus |v(—=) —v(+)| =12t +9=3n—2

Now by interchanging the labels of the edges ya;_1 221 and 2zg;_129; for 1 < j <
2t+1, we get |v(+) —v(—)| = |(12t+9) — 4j]. Again by interchanging the labels of
the edges T4 L4541 and T4j41T 4542 for 1 S ] S t we get ’U(—i—) —U(—)‘ = (4t+5) —4j
Interchanging the labels of the edges x4 371 and z129 we get [v(+) —v(=)| = 1.
Thus 1,5,9,...,3n are elements of SBIS(C,, x P3).

3. Sign balance index set of a Double triangular snake graph

Definition 3.1. [4] A double triangular snake graph, denoted by DIT,], is ob-
tained from a path with vertices yi,ys, ..., Yn by joining y; and y; 11 to a new ver-
tex x; fori =1,2,3,...,n — 1 and to a new vertex z; fori =1,2,3,...,n — 1.
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T1 X9 T3 T4 T Tg X7
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Figure 2: Double triangular snake graph D[T%]

In this section we find the sign balance index set of a double triangular snake
graph which consists of 3n — 2 vertices and 5(n — 1) edges. We divide the problem
of finding SBIS(D[T,]) in to 8 cases, namely,

n = 0(mod 8), n = 1(mod 8), n = 2(mod 8), n = 3(mod 8),
n = 4(mod 8), n = 5(mod 8), = 6(mod 8), n = 7(mod 8).

Theorem 3.2. If n = 0(mod 8) then SBIS(D|[T,]) ={2,6,10,...,3n — 2}.
Proof. We can easily check the result for t = 0, so we assume ¢t > 1. Let f be a
sign friendly labeling on D[T,,]. Since the graph contains 3n — 2 = 24t — 2 vertices,
5(n — 1) = 40t — 5 edges, we have two possibilities:

(i) e(4+) = 20t — 3, e(—) = 20t — 2

(ii) e(+) = 20t — 2, e(—) = 20t — 3.

Now we consider the first case namely e(+) = 20t—3 and e(—) = 20t—2. Denote
the vertices as shown in Figure 2. Now we label the edges vyo; 1T2;_1, Y2i_1 22i_1
for 1 <@ < 4t ®9; Yoiv1, 22i Y2ir1, Yoi Yoir1 for 1 <@ < 4t — 1 by ‘4 and label the
remaining edges by ‘—’. Then we observe that v(—) = 24¢ — 2 and there is no +ve
vertex in the graph. Thus | v(—)—v(+) |= 24t—2 = 3n—2 = max{SBIS(D[T,))}.

By interchanging the labels of edges, x2;_1y2j—1 and ya;_1ys;, for 1 < 7 < 3t
we get | v(+) —v(—) |= 24t — 4i — 2,
and by interchanging the labels of edges 2z;_1y2;—1 and 29,19, for 1 < j <3t —1
we get | v(+) —v(—) |= 12t — 41 — 2.

Thus 2,6, 10,...,3n — 2 are elements of SBIS(D[T,)).

Since v(—) is always even we have v(+) = (24t — 2) — v(—) is also even. There-
fore, the numbers 0,4,8,12...,3n — 4 are not elements of SBIS(D[T,]). Proof of
the second case follows similarly.

Theorem 3.3. If n = 1(mod 8) , then SBIS(D[T,]) ={1,3,5,7...,3n — 2}.
Proof. Let g be a sign friendly labeling on DI[T,]. Since the graph contains
3n—2 = 24t +1 vertices and 5(n —1) = 40t edges, we have e(+) = e(—) = 20t. We
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label the edges ya; 25, Y2i 2215 Y2i+1 T2i, Y2ie1 22; for 1 <4 < 3t ;540 for 1 < i <8¢
by ‘+” and label the remaining edges by ‘—’. Then we observe that v(+) = 24t + 1
and there is no —wve vertex in the graph. Hence | v(+) —v(—) |= 24t + 1 =
max{SBIS(DI[T,])}.

By interchanging the labels of the edges
T2j-1Y25-1 and Y2j-1Y2j, for 1 S ] S 4t we get
| v(+) —v(=) [=] 24t —4j + 1],
Z9j—1Y2j—1 and yaj 295, for 1 < 7 < 3t we get
[ 0(+) — v(=) =] 8t — 4] + 1,
Y2j+6t+1 Y2j+6t—1 and ya; yajpq, for 1 < j <t we get

| v(+) —v(=) |[=| =4t —4j+ 1],

Y25 Y25+1 and Yaj T2j, for 1 S j S t we get

| o(+) —v(=) [=] =8t —4j + 1],

Yojt6t+1 22546t aNd Yajiop Yojpar1, for 1 < j <t we get
| o(+) —v(=) |=| =12t =45 + 1|,

Yoj+2t Yoj2t+1 and Yajpop Tojiap, for 1 < j <t we get
|v(+) —v(—=) |=| =16t —45 + 1 |

and finally interchanging the labels of edges
Y2j+6t+1T2j+60 and Yajiayojrarsr, for 1 < 5 <t we get
|v(+) —v(—) |=| =20t —45 + 1.

Thus SBIS(D[T,]) = {1,3,5,7,...,3n — 2}.

Theorem 3.4. If n = 2(mod 8), then SBIS(DI[T,]) = {0,4,8,12,...,3n — 2}.
Proof. Let g be a sign friendly labeling on D[T},|. Since the graph contains
3n — 2 = 24t + 4 vertices, 5(n — 1) = 40t + 5 edges, we have two possibilities:

(i) e(+) = 20t + 2, e(—) = 20t + 3

(ii) e(+) = 20t + 3, e(—) = 20t + 2.

Now we consider the first case namely e(+4) = 20t+2 and e(—) = 20t+3. Denote
the vertices as shown in Figure 2. Now we label the edges y9; 1 9, 1, Y21 22i_1
for 1 <7 <4t + 1, X9 Yoir1, 22i Y2it1, Y2i Y2ir1 for 1 < i < 4t by ‘+ and label the
remaining edges by ‘—’. Then we observe that v(—) = 24t + 4 and there is no +ve
vertex in the graph. Thus | v(—=)—v(+) |= 24t+4 = 3n—2 = max{SBIS(D[T,))}.

By interchanging the labels of the edges
Tj—1Y2j—1 and yaj_1 ya;, for 1 < 5 < 3t + 1 we get | v(+) —v(—) |= 24t — 45 + 4,
again by interchanging the labels of edges
Z2j—1 Yaj—1 and zo; yoj, for 1 < j < 3t we get | v(+) —v(—) |= 12t — 45 + 4.

Thus 0,4,8,...,3n — 2 are elements of SBIS(DI[T,]).

Since v(—) is always even we have v(+) = (24t +4) —v(—) is also even. There-

fore, the numbers 2,6, 10,...,3n — 4 are not elements of SBIS(DIT,]). Proof of
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the second case follows similarly.

Theorem 3.5. If n = 3(mod 8), then SBIS(D[T,]) = {1,3,5,7,...,3n — 2}.
Proof. Let g be a sign friendly labeling on DI[T,]. Since the graph contains
3n—2 = 24t +7 vertices, 5(n—1) = 40t + 10 edges, we have e(+) = e(—) = 20t +5.
Denote the vertices as shown in Figure 2. Label the edges yo; x2;, Y2i 22i5 Yoit1 T2i,
Yoiv1 22 for 1 < i < 3t gy for 1 < i < 8t — 1, Yigsr Zigse, Yitrsid1 Zitst
for 0 < ¢ < 2 by ‘4’ and label the remaining edges by ‘—’. Then we ob-
serve that v(+) = 24t + 7 and there is no —ve vertex in the graph. Hence
| v(+) —v(—) |= 24t + 7 = max{SBIS(D[T,))}.

By interchanging the labels of the edges
Toj-1Y2j—1 and yg;j_1 Yoy, for 1 < j < 4t we get
| v(+) —v(=) [=] 240 = 4j + 7],
Z9j—1Y2j—1 and yaj29;, for 1 < j < 3t we get
() — (=) | = 8 — 4j + 7],
Tojr6t Y2j+6t+1 and yajyaiq, for 1 < j <t 41 we get

| v(+) —o(=) [=| =4t =45 + 7],

Yo;Y2j+1 and ya; Taj, for 1 < j <t +1 we get

| v(+) —o(=) [=| =8t —4j + 3 |,

Yoj+6t—1 22j460—1 and Yajyss Yojai41, for 1 < j <t we get
| o(+) —v(=) [=| =12t =45 — 1],

Y23t Y2j+3t+1 and Yoji3; Tojpae, for 1 < j <t we get

| v(+) —o(=) [=| =16t —4j — 1],

Yoj+6t+1 22546t and Yajpse Tajise, for 1 < j <& —1 we get
| v(+) —o(=) [=] =20t —4j — 1],

Tst1Yse+1 and Zser1Yser2 we get | v(+) —v(—) |=[ —24¢ — 1|
and finally interchanging the labels of edges

Yst Yse+1 and yg;zgr we get | v(+) —v(—) [=] =24t =5 |.

Thus SBIS(D[T,]) ={1,3,5,7...,3n — 2}.

Theorem 3.6. If n = 4(mod 8), then SBIS(DIT,]) = {2,6,10,...,3n — 2}.

Theorem 3.7. If n = 5(mod 8), then SBIS(D[T,]) = {1,3,5,7,...,3n — 2}.

Theorem 3.8. If n = 6(mod 8), then SBIS(D|T,]) ={0,4,8,12,...,3n — 2}.
]

Theorem 3.9. If n = 7(mod 8), then SBIS(DI[T,]) ={1,3,5,7,...,3n — 2}.
As the proofs of Theorems 3.6, 3.7, 3.8 and 3.9 are same as that of Theorems
3.2, 3.3, 3.4 and 3.5 we omit the proofs.

~— — ~—
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4. The sign balance index set of u(P,)

Definition 4.1. For a graph G = (V, E), the Mycielskian of G is the graph pu(G)
with vertex set consisting of the disjoint union VUV U{u}, where V' = {2’ : v € V'}
and edge set EU{z'y a2y € E}U{z'u:2 € V'}.

X1
X2

€3

Xy

Figure 3: Mycielskian graph of a path P,

In this section we consider the Mycielskian graph of path P, (n > 2), which
consists of 2n + 1 vertices and 4n — 3 edges. Now we divide the problem of finding
SBIS(u(P,)) into two cases, namely,

n = 0(mod 2) and n = 1(mod 2),

Theorem 4.2. If n = 0(mod 2), then the SBIS(u(P,)) = {1,3,5,...,2n+ 1}.
Proof. Let g be an sign friendly labeling on u(P,). Since the graph contains
2n + 1 = 4t 4+ 1 vertices, 4n — 3 = 8t — 3 edges, we have two possibilities:

(i) e(+)=4t—1,e(—) =4t —2

(ii) e(+) =4t — 2, e(—) = 4t — 1.

Now we consider the first case i.e., e(+) = 4t — 1 and e(—) = 4t — 2. Denote
the vertices of p(P,) as in the Figure 3. Now we label the edges xo;_1 Yoi, T2i41 Yo
for 1 <i<t—1, 224 for 1 <@ <2t — 3, o2 Y1, T2t Yor—1 and Toy1 Ty by
‘—" and label the remaining edges by ‘+’. Then we observe that v(+) = 4t + 1 and
there is no —ve vertex in the graph. Thus | v(—) —v(+) |= 4t +1=2n+1 =
max{SBIS(u(P,))}.

By interchanging the labels of edges
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~—

T2j T2j+1 and T2j5 Y25+1 for 1 S j S t— 2 we get | U(+ — U(—) |:| 4t — 4] +1 |7

Tor—1To and Top_1yg we get | v(+) —v(—) |=| =4+ 9 |= 5,
x1y2 and y1yo, T2ys and yayo we get | v(+) —v(—) |= 1,
z3y2 and ysyo, x3ys and yuyo we get | v(+) —v(—) |= 3,
r4ys and ysyo, Tsys and yeyo we get | v(+) —v(—) |[=7,
r5ys and yryo, Teyr and ysyo we get | v(+) —v(—) |= 11,

Lo izt ) 17Y2riz1) 16 and Yo;17Y0, T2j+6Y2j+7 and ya;18Yo fOF 1<7<t=5
we get | v(+) —v(—) |=| —4j — 11,

To| =5 | 47l tzi 46 ANd TopTo—1 We get |v(+) —v(—) |=| -4t —4+9|=4t -5
Finally by interchanging the labels of the edges Lo o4 |y 7lar =t 46 and o1y wWe
get | v(+) —v(=) |=| -4t —4+5|=4t — 1,

Thus SBIS(u(P,)) = {1,3,5,...,2n + 1}. Proof of the second case follows simi-
larly.

Theorem 4.3. If n = 1(mod 2), then the SBIS(u(P,)) ={1,3,5,...,2n+ 1}.
Proof. Let g be an sign friendly labeling on u(P,). Since the graph contains
2n + 1 = 4t + 3 vertices, 4n — 3 = 8t + 1 edges, we have two possibilities: (i)
e(+) = 4t + 1, e(—) = 4t (ii) e(+) = 4t, e(—) = 4t + 1. Now we consider
the first case i.e., e(+) = 4t + 1 and e(—) = 4t. Denote the vertices of u(FP,)
as shown in Figure 3. Now we label the edges wo; 1y2;, Toii1ye; for 1 < i < ¢t
and x;z;4q for 1 < @ < 2t by ‘=’ and label the remaining edges by ‘+’. Then
we observe that v(+) = 4t 4+ 3 and there is no —ve vertex in the graph. Thus
|v(=) —v(+) |=4+3=2n+1=max{SBIS(1(P,))}.

By interchanging the labels of edges

T2 L2541 and T2;Y25+1 for 1 < j <t we get | U(+> — U(—) |:| 4t — 4] +3 |,

TotYar+1 and yar1yo we get [ v(+) —v(—) [= 1,
z1y2 and y1yo, Tays and yayo we get | v(+) — v(—
w3y2 and ysyo, T3ya and yayo we get | v(+) — v(—
r4ys and ysyo, T5y4 and yeyo we get | v(+) — v(—
x5y and yryo, Teyr and ysyo we get | v(4) — v(—
and finally by interchanging the labels of edges
Lo izt |1 7¥Yariz17 16 AN Yaj47Yo, Toj6Ya;rr and Yajsyo for 1< j <t —4

we get |v(+) —v(=) |=| =45 — 17 |.

Thus SBIS(u(P,)) = {1,3,5,...,2n + 1}. Proof of the second case follows simi-
larly.
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